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Abstract. This paper gives a theory of non-retarded dispersion interaction energy of mole-
cules with charge distributions on them that readily allows inclusion of higher-order muiti-
pole interactions. The two-particle dispersion energy for a pair of harmonic oscillators is
evaluated for dipole-dipole, dipole—quadrupole and quadrupole-quadrupole interactions.
It also is found that the dispersion energy remains finite for all separations between the oscil-
lators, supporting the earlier result of Mahanty and Ninham for dipole—dipole interactions
with distributed dipole moments.

1. Introduction

Several papers have recently appeared concerned with calculating particle self-energies
and the interaction energy between systems of two or more finite-sized particles (Mahanty
and Ninham 1973, 1975, Mahanty 1974, Mahanty and Richardson 1975). These papers
are all based on the notion that the presence of other atoms near an atom perturbs the
electronic charge density surrounding it, setting up a polarization density in the atom,
which in turn produces an electromagnetic field to perturb the surrounding atoms. The
change in the overall electromagnetic field modes is responsible for the dispersion inter-
action energy between the atoms.

One important aspect of these calculations is the evaluation of the dispersion energy
between pairs of neutral atoms or molecules. Such energies are of importance in the
calculation of the properties of rare gas liquids, for example. Mahanty and Ninham (1975)
have indicated that the two-particle dispersion energy for the dipole-dipole interaction
does not diverge at zero separation if the finite size of the molecules is taken into account.

In this paper is presented a more rigorous theory of dispersion energy than has
previously been made based on the field mode theory of Mahanty and Ninham (1973,
1975). The non-retarded limit, only, is considered here and we ignore the effect of
permanent multipoles. The present theory readily lends itself to inclusion of higher-
order multipole interactions than dipole—dipole and we present a two-particle dispersion
energy calculation which incorporates dipole-quadrupole and quadrupole—quadrupole
interactions as well.

This paper is arranged as follows: in § 2 we present the theory which will enable us to
include higher-order multipoles in the dispersion interaction. At the end of the section
we discuss the relation between the present expression for dispersion energy and the
more usual result from time-independent perturbation on the Coulomb potential. In
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§3 we present the dipole-dipole, dipole—quadrupole and quadrupole-quadrupole
results for a pair of interacting harmonic oscillators and discuss some features of the
results.

2. Atom pair dispersion interaction energy

Historically, the dispersion interaction between two molecules was evaluated using
perturbation theory on the Coulomb interaction between the constituent electrons and
nuclei. In recent literature it has been demonstrated that an equivalent formulation of
the problem can be made in terms of the effect of the molecules on the electromagnetic
field. The dispersion interaction between two atoms can be shown to arise from changes
in the electromagnetic field modes and hence the zero-point energy associated with them,
due to the presence of the two atoms having a finite separation. Fluctuationsin the charge
density associated with the electron cloud surrounding each atom lead to the existence of
instantaneous multipoles on the atom (assumed to have no permanent multipole
moment and spherical charge distribution in the ground state). The fields from these
multipoles polarize the other atom and lead to some collective behaviour of the pair,
giving the dispersion interaction. In the past the calculations of the force involved have
been made by assuming the multipoles are point multipoles located at the centre of
each atom, fixed relative to the other. In the present work, by treating the charge
density of each atom directly, we are able to obtain a form factor from the formalism
which describes each multipole as having a finite size. The calculation avoids the use
of time-independent perturbation theory on the Coulomb potential, but finds an
expression for the electric field modes around the atoms by means of the atomic charge
densities, which are written in a multipole expansion.

The present calculation is summarized as follows: the potential at any point due to the
atomic charge densities of both atoms is found by solving Poisson’s equation assuming
each atomic charge density to be independent of the other. The resultant potential is
used to perturb each atom’s charge density using time-dependent perturbation theory.
An expression for the electric field at any point is obtained in terms of these perturbed
charge densities. The charge densities are then expanded in a multipole expansion which
is linear in the field at each atom and derivatives of the field. By evaluating the electric
field at each atom, and finding its derivatives at each atom, one is able to obtain an
infinite-dimension secular determinant which may be evaluated by truncating the
multipole expansion to any desired order, to give the change in the modes of the field
which cause the dispersion interaction. These modes are used to obtain an expression
to order ¢* (e = electronic charge) for the dispersion interaction energy.

We now give the details of the calculation.

Consider two neutral atoms, with no permanent multipoles in their ground states,
at positions R, and R,, with respective atomic charge densities p(r—R, ;) and
plr— R, ; w). The non-retarded field equation for the atom pair is Poisson’s equation

2
Vig(riw)= —4n Y p(r—R;; ) (1)

j=1

which has solution

2
¢lr; ) = —4n 3, G(r—r'; w)p(r' - R;; w) d>r 2)

i=1
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where G(r; w) is the scalar Green function

L e
Q2r3J k?

The electric field is the gradient of the scalar potential, equation (2),

G(r;w) = d3k. 3

2
Er;w)=4n Y fV,G(r—r’;w)p(r'—Rj;w)d3r’. )
=1

We must now obtain a secular equation to determine the altered field modes which
result from the perturbation of one atomic charge cloud by the other. To do this we
express the charge density on the right-hand side of equation (4) by a time-dependent
perturbation series in which all terms are linear in the electric field or its derivatives. The
charge density of either atom is perturbed by the time-dependent perturbation which
represents the change in electromagnetic field due to the presence of the other atom:

H, = U P ds,) 100 (5)

where f(t) is a real function of time. For a single-electron atom this reduces to e¢(r) f(t)
where e is the electronic charge, as the contribution from the nucleus to the integral is
zero. Details of the calculation, for the one-electron atom, of the first-order perturbation
on the charge density are given in appendix 1. To first order the charge density may be
written

plr; ) = poolr)+pyr; w) e (6
where, for the one-electron atom,

e 3 <013(u —r)in) <nid(@)0>  <nidlu —r)0) Olp(u)in)

h < Wop— W Wo,+ @

pilr;w) = ()
and u is the integration variable for evaluation of the matrix elements, wq, = (Eq — E,)/h
and the sum is over all the unperturbed electronic states of the individual atom. The
zeroth-order term pg(r) is the unperturbed charge density of the atom, which for elec-
trons localized close to the nucleus is zero.

The scalar potential ¢{(u) appearing in the matrix elements of the perturbed charge
density, equation (7), is a solution of Laplace’s equation (the homogeneous part of
equation (1)) and may be written as a multipole expansion (Podolsky and Kunz 1969)
about the centre of each atom, in the form

2
B) = Go(R)+u . V,(1) ,=R,+%“"“"W(j«‘f?,-"’(’) R ®)

The ¢4(R;) term of the expansion can be shown because of its spherical symmetry
to give zero contribution to the perturbed charge density, equation (7). The electric
field, equation (4), may thus be written as a multipole expansion in the field at the atom
centres, since 8(R;) = V,P(r)|, =g, , etc.

The secular determinant is now found by using equation (4) to evaluate &(R)),
V, &(r)l, =g, etc and each of these quantities may be written as an expansion of all the
field components and its derivatives, making use of the multipole expansion. In fact,
the determinant obtained by elimination of the field and its derivatives is of infinite
dimension. To evaluate the dispersion energy the multipole series is truncated to what-
ever order is desired. We illustrate, by treating only the dipole term of the multipole



Dispersion contribution to two-atom interaction energy 1831

expansion, how terms of the secular determinant may be obtained. Then the electric
field, equation (4), at r = R, is written

E(R;; w) = (2n)3h Z ik-(Ri—R,)
5> (<0le_"‘"|"><”|"l0> RN DACLL PO 3 ©)
n Wop — O Won + @
2
= —47 Z %(Ri—R;; 0). 8(R)) 1o

j=1

where we have performed the integral over r' in equation (4). %, ,(r; w)is a 3 x 3 dyadic
Green function, which shows several interesting features. Note the presence of the matrix
element (Ole~*-*|n>. This matrix element represents a form factor and gives to each
multipole, represented by the matrix element multiplied with it, a finite-size value. For
the more common case where point multipoles are assumed, e ~*** is replaced by the
first-order term —ik .. Under these circumstances the Green function becomes of the
form

@, (r; o ;(:;3 L | etk = a(0). V,60) (11)

where G(r) is given in equation (3), and a(w) is a polarizability tensor.

As shown below, this expression applies to the time-independent perturbation
calculations (eg Margenau and Kestner 1971, Meath 1972) and allows a rigorous defi-
nition of the polarizability a(w). The form of polarizability chosen by Mahanty and
Ninham (1975) is based on the concept of a finite multipole size, but in that paper no
attempt was made to show the k-dependence of the polarizability in any rigorous sense,
as has been done here. It is the use of a finite-sized multipole which leads to a finite
energy (shown to quadrupole order in the next section) as the atoms are brought to
coincidence (R = R; — R, = 0) and this result gives twice the zero-point energy of a
single atom, represented here by the case when R; = R; in equation (10).

In describing the finite-sized property of the dipole we have assumed that other
multipoles are similarly of finite size. In fact, it is readily shown that the matrix element
{0le~**n> appears in all terms of the expression for &(R;; w), ie if we do not truncate
the multipole expansion at the dipole term. We may generalize equation (10) in the form
of an expansion in the electric field and its derivatives, making use of the multipole
expansion, equation (8), giving

2
ER;w)= —4n Y (gu(R R,,w)+{§12(R,,R,,w) 0 é’(r)

i=1

r=R;

+g13(RlsR)’ w) ag(r)

0
+% 4R, R;; ). 5;5(")

+ ) (12)
r=R,

r=R,
where the first term gives the dipole term as in equation (9) and %, , has {Olu|n) of &, ,
replaced by (Oluu.jn), etc.

In asimilar manner, V, &(r; o)), - g, and the higher-order terms are obtained by taking
the gradient evaluated at r = R, of the right-hand side of equation (12). When written
in matrix form, we thus obtain an infinite-dimension secular equation

H+4n%,| =0 (13)
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where %, is a dyadic Green function which has 3 x3 submatrices given by %, of
equation (10), 4,,....%,,... of equation (12), %,, = V,%, ((r— R}, =, etc.

Following Mahanty and Ninham (1975) the dispersion energy of the atom pair can
be defined as the change in the zero-point energy of the electromagnetic field due to the
two atoms, which is given by

h I +4n%,|
E,= —— 14
2 4ni‘.§dwln(nj=l|l+4ng(k R;; o) (14

where the denominator represents the sum of self-energies of the individual atoms,
the Green functions %(R;, R;; w) being given by the submatrices of ¥, with R, = R,
and the contour is taken over the positive real axis.

Making use of the expansion

@ (__ l)n +1
In(1+18) = Y Tl" Tr(S") (15)
n=1
the two-particle dispersion energy to leading order (ie to order e* in electronic charge) is
47|:h
EsR) = T § do TH®R, Re: 0)5(Ra, R 0) (16)

The present derivation of the two-atom dispersion energy differs considerably
from the more usual method which makes use of time-independent perturbation theory
on the Coulomb potential to second order (see, for example, Margenau and Kestner
1971, chap 2). We shall complete this section with a discussion of the relation between
the two results.

For a system of two neutral single-electron atoms, with no permanent multipoles,
and with centre at R;, i = 1,2, s0 R = R, — R, as above, and electrons at u, and «,
respectively, the Coulomb potential is given by the multipole expansion (Podolsky and
Kunz 1969)

=Y Un (17)
where

11 1
Umn = m E ez(ul . an)m(uz . VRZ)"k‘ (17(1)

and eis electronic charge. The factor 1/R may be written as the Green function, equation
(3), above.

Performing time-independent perturbation on the potential, equation (17), with
unperturbed wavefunctions taken as Heitler-London wavefunctions formed from the
product of single-atom wavefunctions, it can be shown that the first non zero term is
the second-order term, which is written as the dispersion energy

Vaul®
AE = ) ——— 18
;EO_E). %)

where the excited state |1) = |n,>|n,) in terms of single-atom states, and
—E;, = (E{’-E,)+(EY—E,)

for single-atom ground and excited states EY", EQ’ and E, , E,,. The matrix element

nyo
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V,, is given by
Voi = Z OO U el 113> (19)

We now consider only the dipole—dipole term (m = n = 1) of the multipole expansion,
equation (17). As only the electron coordinates «; and u, operate on the atomic wave-
functions, we may write

Vo1 = 4n{00|e*(u; . Vg, . Vg, )G(R, —Ry)inyny)
= 4ne*Oluyln, ) . Vo,Vg,G(R, —R;). (Ofusln,). (20)
The sum over 4 is now taken as separate sums over each single-electron atom states.

The Green function for our present calculation, for the point dipole case, is given from
equation (11) as

1 kk

%, (R, w) = (2 )3 h kz

k(R — Rz)d3kz (<0|u|n><niu10> Y ) (21)

We require the trace of the product of the Green function, equation (21), for evalua-
tion of the dispersion energy. The latter may then be written from equation (16) as

4 h 204, ulul 2w, u3u
> &d Z Z 01 Cl); G}xle Ona k) (22)

ny,ny -kl Onl_ wonz_w

where u} is the ith component of the matrix element (0lu|n, > and G ; is the ijth component
of VRVLG(R) and the factor e?/h is included in G ;i (see equation (10)).

On the other hand, the dispersion energy from time-independent perturbation theory
is given from equation (20) and equation (18) as

ulup GG uiu}
AE - i [l Jef et} (23)
n§|; UZk:l Wop, + Dop,

where the symbols have the same meaning as for equation (22) and e?/# has been included
in the Green function. We now make use of a frequency-dependent representation for
equation (23) (see Margenau and Kestner 1971, p 58) to write

4 2 po 1,1
AE = ( TI) f Z Z wOnlutukG G wOnzu dé
0

l
n rons G Oy + &2 v wh,, + &2
4nh 2w, ulul 2w u
fﬁdw )3 Z( P GG (24)
ny.n2 ijkl Onl—w (L)O,,Z—'(l)

where the contour in the last integral encloses the positive real axis. The equivalence
with equation (22) found from the present method is immediately obvious. It should be
noted that equation (22) is obtained from the use of —ik . u for e "*** which is the same
as assuming the dipoles in the system are point dipoles.

Hence for point dipoles the results of the two methods are identical. The use of a
finite-sized dipole (and higher-order multipoles) leads to a lack of divergence of the dis-
persion energy as the separation (R) between atoms goes to zero, as noted earlier. The
present method is shown in the next section to yield the same R dependence for dipole—
dipole, dipole-quadrupole and quadrupole-quadrupole interactions in the large-R
limit, as the time-independent calculation (see, eg, Margenau and Kestner 1971, Meath
1972). From the equivalence of equations (22) and (24), this is to be expected.
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The present method has much wider applicability than the time-independent per-
turbation method, however. Apart from the ability to introduce finite multipole size in a
consistent manner, when the theory is extended to the retarded-field case the dipole-
dipole term yields the Casimir-Polder results for large R, a result which cannot be ob-
tained from the original form of the time-independent perturbation approach dealing
with the Coulomb interaction terms.

3. Examples and discussion

In this section we present a very simple example to illustrate the features of the present
calculation. Although no attempt is made to rigorously describe any real physical
system, a scheme for calculation is suggested which may be applied to atoms with excited
states well separated from the ground state.

The main difficulty in estimating the dispersion energy E, from equation (16) is
the evaluation of the Green functions occurring in equation (12) which involves the sum
over the (unperturbed) excited states |n) of each atom (see equation (9) for the dipole
term, for example). One must also make a choice of suitable atomic wavefunctions, but
this problem will not be discussed in the present work.

An important aspect of the sum over single-atom states emerges when the part in
large parentheses of equation (9) (and similar terms for higher orders) becomes separable
into space and time parts. The sum may then be written in the form a(w)f(k) which allows
one to represent the polarizability ae) and the form factor f(k) phenomenologically to
fit experimental observation of the dispersion force. Such a model has wide applications;
for example, in the study of the interaction of a macroscopic particle with a dielectric
slab and other interactions with macroscopic objects. Mahanty (1974) and Mahanty
and Ninham (1973, 1975) have made use of such a model where a(w) is taken as scalar
and the form factor f(k) is made isotropic, with a Gaussian distribution.

Several approaches to evaluation of the sum over atomic states like that in equation
(9) are possible. Dalgarno (1963) has presented a general scheme for evaluation of the
sum. A simpler method, suggested by Dalgarno (1961) is to approximate the sum by
taking a single excited state and replacing the sum over n by only one term, depending
on the dominant optical transition for the system of interest. We will make use of another
method in which it is assumed the excited states may be described by a single effective
excited state so, eg, w,, in equation (9) is replaced by an effective frequency @. Use is
then made of the completeness of single-atom excited state wavefunctions to write

Y iny<n| = 1. (25)

Then one simply has to make a choice of suitable ground state wavefunctions for
each atom.

Inwhat follows we present results of a calculation of dipole-dipole, dipole—quadrupole
and quadrupole—quadrupole interaction contributions to dispersion energy E, for
‘atoms’ with a 1s ground state described by an harmonic oscillator wavefunction (Morse
and Feshbach 1953)

1

Yoo1(r) e 24t (26)

where a = (h/mw)"/? represents the ‘size’ of the oscillator.
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We truncate the multipole series, equation (8), at the quadrupole term and evaluation
of the Green functions of the electric field, equation (12), up to %, ,, and derivatives of
these, enables the evaluation of the trace in equation (16) for the two-atom dispersion
energy. For the wavefunction of equation (26) as the ground state and making use of
the assumption of an effective excited state represented by @, so equation (25) may be
used, we obtain the dipole—dipole (DD), quadrupole-dipole and dipole—quadrupole (DQ),
and quadrupole-quadrupole (QQ) two-atom dispersion energies as follows :

4 .2 2
E,(DD) = _% ‘31:;‘;21(5))R-6F6(R) 7
3h/e*ata
Ey(DQ) = —— 16;,221((0))alazk "Fy(R) (28)
3h{e
Ejfe0) = == 1;‘;1‘2’21( ))a,azk 19F, o(R) (29)

where a, and a, are the ‘sizes’ of atoms 1 and 2 respectively, R = |R, —R,| and I(®) is
an integral over frequency,

2
2
@) = ——§da)( ) == (30)
0% —w? )
The functions F¢(R), Fg(R) and F, o(R) are given by
1.2 R 2 R 202
Fg(R) = = [erf(—) e R /“J:l
6 3J-I=]1 a;] Jn a;
1[G {Ga) o2
+= —|—=+=) e RV —erf[ — (31)
31131 Jr\al a;
1.2 R 2 {2R® 3R 2102
Fg(R) = = 3erf(—) ( + ) "”"J]
° 4;'131 a; \/7‘ aj j
12 [2 (2R5 2R3 3R) . (R)]
+- +—+—| e R —3erfl— (32)
6,1:[1 Jrla  a g a;
1 R 2R* 3R\ ..
= — — | e R¥a;
Fuol® 31I=—[1 |:3 erf(aj \/7‘( a; j) ]
2 [R® 2R?® 3
+5 [1 [ (R +— +—R e'Rz/“5—3erf(§):|
i=1 T 3 a; a;

(33)

6

g2 1 [2R" R® 4R® 6R| _.. .
+= I1 erf| R| - L —- _—5+_3+§_ e~R¥a? |
3j=1 aj \/Tt a_,

a

Note from equations (27)30) that the frequency dependence of all terms is identical
and independent of the term of the multipole expansion, under the assumptions we have
made. It will also be remarked that the function F¢(R), equation (31), is identical with
that of Mahanty and Ninham (1975) and we may infer that the polarizability tensor
chosen by them corresponds to the assumptions we have made. As these authors have

Jj j J
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found for the dipole—dipole interaction, we conclude that the simple R™°, R™%, R™!°
dependence of the respective multipole interactions is modified for R ~ a by the func-
tions F4(R), Fg(R) and F, (R).

For the limit of small R,

8 R2 3
Fy(R) — E(%) (34)

as found by Mahanty and Ninham (1975) and

332 R
Fg(R) = 0, F“’(R)_’Wfa_;'

Thus we have demonstrated the assertion made in § 2 that the effect of the form factor
e~ ** in equation (10) is to remove the divergence at the origin, although this region is
of little physical interest as exchange and monopole forces will dominate. For large R,
however, we find F4(R) — 1, giving the London result, Fg(R) — {2 and F, ((R) = 4%. The
latter two values, from a calculation of time-independent perturbation theory including
all states of the harmonic oscillator, are 5 for Fg(R) and 30-625 for F,(R) (Margenau
and Kestner 1971). Thus the contribution of higher-order terms of the multipole ex-
pansion is reduced under our approximation which uses equation (25). It is expected
from the discussion at the end of the last section, when carried over to higher-order
multipoles, that if the sum over single-atom states [n) were performed exactly, the cor-
respondence with the perturbation calculation would be much closer. Our assumption
of a single effective excited state is not very good for a harmonic oscillator where the
separation between the energies of states of different principal quantum number is equal.
The method will apply best to atoms where the excited states are close together relative
to their separation from the ground state.

In figure 1 we have plotted for a, = a, = a, curves of (a®/R®)F4(R), (a®/R®)Fg(R) and
(a'®/R'9F,,(R) against R/a. For comparison the curve of ¢®/R® against R/a is also
drawn. The energy scale is in arbitrary units. The figure illustrates the points made
earlier about non-divergence as R — 0 and shows the asymptotic limit of (a®/R®)F4(R)
giving the London result a®/R®. Note the minimum in the pQ curve at 0-72(R/a), though
in this region, as stated above, other forces will dominate. For R ~ 3a the asymptotic
result for the dipole—dipole interaction, equation (34), is good to about 0-5%,.

4. Conclusion

In this paper we have presented a more rigorous theory of dispersion interaction energy
by the direct calculation of electric field modes than previously given (Mahanty and
Ninham 1973, 1975, Mahanty 1974). The theory given is only applicable to situations
of non-retarded electromagnetic fields, although extension to the retarded situation is
possible. Some results for a two-particle harmonic oscillator model are presented to
illustrate the theory, taking advantage of the ease with which higher-order multipoles
than dipoles may be included in the expression for the dispersion energy to find results
for dipole—quadrupole and quadrupole—quadrupole interactions, as well as the dipole-
dipole interaction. It is found that the dipole—dipole result, for the simple example used,
has the same functional form for dispersion energy as Mahanty and Ninham (1975).
It is also found that the dipole—quadrupole and quadrupole—quadrupole interactions
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Rla
00 1 0 2:0 30

Energy (arbitrary units)

Figure 1. Plots of multipole contributions to the dispersion energy of two harmonic oscil-
lators, as a function of R/a where R is the separation between oscillators and a the ‘size’ of
the oscillator. The energy scale is in arbitrary units. The curves are as foilows: full curve,
dipole-dipole a®R™®F¢(R); dotted curve, dipole~quadrupole a®R~8Fg(R); broken curve,
quadrupole—quadrupole a'°R™!°F (R); open circles, London result (dipole-dipole)
aR™¢.

leave the dispersion energy finite as the separation between atoms (R) goes to zero, as
was found for the dipole—dipole case earlier (Mahanty and Ninham 1975). The removal
of the divergence as R goes to zero is the result of the multipoles having a finite size. For
large separation R, the R dependence of the dispersion energy agrees with the point
multipole results.

For the present theory, use of quantum theory to calculate the dispersion energy has
been avoided, unlike the perturbation approach as used, for example, by Meath (1972),
and perturbation theory has only been applied to the charge density of the atoms as a
result of a scalar potential perturbation. The present calculation is thus a semi-classical
formulation of the dispersion energy.

In appendix 2 is presented a brief discussion of the use of a vector potential in the
non-retarded case, and it is shown that in this limit the result is equivalent to that used
in this paper. To treat the retarded-field problem, the choice of gauge becomes important.
It is most convenient to choose the Lorentz gauge and work with a vector potential.
Then equation (A.11) for the wave equation is modified to include time dependence of
the vector potential and so the Green function (A.14) is also altered. Other relations
will also differ to include retardation, and the form of the perturbation used in appendix 1
will be described in terms of a vector potential. In principle, the theory is solvable on
similar lines to the present work. It has been solved for the special case of a separable
polarizability by Mahanty and Ninham (1975).
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Appendix 1. Perturbation calculation of charge density
For computational convenience we consider a time-dependent Hamiltonian which
perturbs each atom in the system via the scalar potential ¢(r) as
H, = ep(r) e, (A1)

The physical response will be given as the real part of the response due to #,. In
equation (A.1), eis the electronic charge and w the frequency of the field. The unperturbed
state equation is defined as

Hou, = Eu,.
The perturbed wavefunctions are expanded in the unperturbed ones

Yl 1) =Y a,(Ou,lrye” o (A.2)
where w, = E,/h. Putting (A.2) in the time-dependent Schrédinger equation we obtain

at) = %Z (nlgim) e e ~iomnig, (1), (A3)
We assume that in zeroth order

agt) =1

aft)y =0, n#0.
Then, in first order

a,t) = i%(n|¢|0>f gl g~ iwont dp (A4)
and O:z .

Y(r, 1) = uo(r)ei“’°'+ﬁ Y {nj¢|0) J e’ e wont dry () e ion, (A.5)

For an observable B the expectation value is, to first order,

(B) = {y|Bly>

t
= Boo'{"%z (<0|B'"> <"|¢|0>f glet g ~iwont 7 givont
t
—(Olin) <n|BIO f R e)

= By, +f "Gt —1)dr (A.6)

where
G(t—1) = 0(t— r)% 2. (O[Bln) {n|¢|0) ¢!~ — (n| B|0) (O@|n) e~ ‘ot =) (A7)

and 6(t) is a step function which is unity for t > 0 and zero otherwise. Now the change
in the expectation value of B due to the perturbation is

By = fja e''G(t — 1) dt = e"“'G(w) (A.8)
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where the Fourier transform G(w) of G(¢) is

COBIn) <ni¢l0) | < B|0) <Oigln)

(A.9)
Wop— W Wy, + W

G(w) = f e @G(t)dt = %Z
which is obtained by completing the time integral and using equation (A.7).

For the application in this paper we are interested in summing over all frequencies,
which we do in equation (14), and hence it is sufficient to consider 6(B) as given by
equation (A.8), rather than the real part of this.

If we associate the operator B with the charge density, we may associate it with the
operator ed(r—r). From (A.8), then, the first-order change in the charge density will
have time dependence e!“* and from Poisson’s equation the first-order change in ¢,
¢,(r, w) in equation (A.23) will also have ¢! time dependence. The perturbation result
for the charge density is given from (A.9) in equation (A.20).

The current density J(r—r') may be associated with the operator (Bohm 1969)
(he/2mi)(6(r—r')V,. +V,.8(r —r)) so the first-order change in current density from (A.9) is

_¢ e o [ub(rV,u,(r)<n|¢i0> +u,’f (P)V,uo(r)<0|piny
2mh % Woy— W Wo,+ @ '

J(r}

(A.10)

The perturbation —ex assumed by Mahanty and Ninham (1973) is a correct repre-
sentation of the polarization only to first order. Infact, the polarization may be expanded
in a series of which — ew is the first term (de Groot and Suttorp 1972). The present treat-
ment is equivalent to treating the full series.

Appendix 2

In this appendix is presented a brief analysis of the use of the vector potential to obtain
the electric field around an atom pair to enable closer comparison with the earlier work
of Mahanty and Ninham (1973, 1975). We will show that use of the vector potential
leads to an identical result with the above scalar potential calculation, as it should in the
non-retarded limit.
The vector potential wave equation in this limit is
4n

V2A(r,w) = ——C—J(r, w) (A.11)
for speed of light ¢, and J the current density of the system. For the two-particle case
J(r, w) should be replaced by

2
Y Jir—R;; )
j=1
in (A.11), and the procedure may be carried through as for the single-atom example given
here.

The aim of this appendix is to demonstrate that in the non-retarded limit, use of the
vector potential equation (A.11) is equivalent to use of the scalar potential equation (1).
We may show this by means of the continuity equation

10p
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which we use to demonstrate the validity of the Lorentz condition

V.A+la—¢=0. (A.13)
c Ot

From equation (A.11) the vector potential is given as

47 eik.(r—r’) N
After integration by parts we find
471' eik.(r—r’)
A= ———— | ——(V,. I dir. Al
Vod =~ [ S Ay (A.15)

Now from quantum mechanics the divergence of current density in terms of the system
wavefunction ¥ is

h * *) — i *
Vo = VY YY) = ) (A16)

from Schrodinger’s equation.
Hence

V.4 =

ik.(r—r’) 4
4n J‘e op(r) FEW (A.17)

TeamP) KB &
where the charge density
pUr) = Y (e Wir). (A.18)
We have already shown that from Poisson’s equation the scalar potential is
47.[ eik.(r—r’) ’ 2
#r.0) = 555 [ S —pt) & (A19)

for a single particle.
Hence from equation (A.17)

10¢
A=-—-=2
v c Ot

and the Lorentz condition is satisfied.
Making use of appendix 1, equation (A.8), the charge density is given by
e
plr, @) = Poolr) =~ -

.y (<0|5(.,_r)|n><n|¢(u)40>+<n|5(u—r)l0> {Ojp(w)in) (A20)

n Wo,—W Wopt+w

to first order, then
Alr) = iwp,(r)
where p,(r) is the second term of equation (A.20). It may also be shown that

4n fei*-v-ﬂ

r;w) = o —;;—(poo(r’)+ei“"p1(r’;w))dar' = ¢olr)+ ¢, (r; w) e
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$O
d(r, 0) = iwg,(r, w).
Now the electric field is given as

& =-V —16—/‘ (A.21)
c Ot

Wemay eliminate ¢ from equation (A.21) using the Lorentz condition equation (A.13),

i 104
E="V(V.A)—- Z—V¢,
w ¢ Ot

which becomes, in the non-retarded limit
&= —Vd)o—gV(V.A). (A.22)

This result is identical with the more usual result
g = —V¢1_V¢O. (A.23)

In the work presented in this paper we are interested only in the change in the electric
field from its unperturbed value of — V¢, so we drop this term from equations (A.22)
and (A.23).

Hence use of a vector potential wave equation leads to the same electric field as for a
scalar potential wave equation, in the non-retarded limit. For the retarded-field case
a scalar potential theory is inadequate and it is necessary to use the procedure outlined
in this section, with equation (A.11) modified to include the time dependence of 4
which will now be significant. Other relations are accordingly modified.
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